Introduction
In 2002, R. Zumkeller published in OEIS the sequence A072670: "Number of ways to write n as ij + i + j, 0 < i <= j". This sequence possesses a remarkable property. Proposition 1. Positive integer n is not represented by the form ij + i + j, 0 < i <= j, if and only if n = p − 1, where p is prime.
Proof. Condition n = p − 1 is sufficient, since if n = ij + i + j, then n + 1 = (i + 1)(j + 1) cannot be prime. Thus n of the form p − 1 is not represented by the form ij + i + j, 0 < i <= j. Suppose that, conversely, n is not represented by this form. Show that n + 1 is prime. If n + 1 ≥ 4 is composite, then n + 1 = rs, s ≥ r ≥ 2. Set i = r − 1, j = s − 1. We have
This contradicts the supposition. So n + 1 is prime.
In this note, for an arbitrary given k ≥ 3, we consider a more general form x 1 ...
In particular, we study a question on the smallest value of k ≥ 3 in a a possible representation of n.
Necessary condition for non-representation of n
Denote by ν k (n) the number of ways to write n by the
Proof. If n − k + 3 ≥ 4 is composite, then n − k + 3 = rs, s ≥ r ≥ 2. Set x i = 1 f or i = 1, ..., k − 2 and x k−1 = r − 1, x k = s − 1. We have
This contradicts the condition ν k (n) = 0. So n − k + 3 is prime.
Proof. By the condition, there exist x 1 , ..., x k 1 such that
Note that, by Proposition 2, in Corollary 2 the number n is prime.
3. Cases k = 3 and k = 4
Consider more detail the case k = 3, when
The numbers of ways to write the positive numbers by the form F 3 are given in the sequence A260803 by D. A. Corneth. Note that, by Proposition 2, a number n ≥ 2, could be not represented by F 3 only in case when n is prime. However, note that sequence of primes p not represented by F 3 should grow fast enough. Indeed, p should not be a prime of the form (2) (2t + 1)m + (t + 2), t, m ≥ 2, where t ≡ 0 or 2 (mod 3). Indeed, in this case p = x 1 x 2 x 3 + x 1 + x 2 + x 3 for x 1 = 2, x 2 = t, x 3 = m, if t ≤ m, and for x 1 = 2, x 2 = m, x 3 = t otherwise. Since gcd(2t + 1, t + 2) = gcd(2(t + 2) − 3, t + 2) = 1, then, by Dirichlet's theorem, for any admissible t ≥ 2, the progression (2) contains infinitely many primes p. For all these primes, ν 3 (p) > 0. Here gcd(4t + 1, t + 3) = gcd(4(t + 3) − 11, t + 3) = 1, except for t ≡ −3 (mod 11). Hence, for any admissible t ≥ 2 the progression (3) contains infinitely many primes p. For such p we have p + k − 3 = p + 1 = 2 · 2tm + 2 + 2 + t + m = F 4 with x 1 = x 2 = 2, x 3 = t, x 4 = m, if t ≤ m, and x 1 = x 2 = 2, x 3 = m, x 4 = t, if t > m. So for such p, ν 4 (p + 1) > 0. Therefore, and, by the observations in table in Corneth's sequence A260804 for k = 4, the following question has another tint. According to Proposition 2, if m is not represented in the form F k , then m − k + 3 is prime. Denote by p n the n-th prime. Let m − k + 3 = p n . Then, for every n, it is interesting a question, for either smallest k ≥ 3 the number p n + k − 3 is represented by F k ? Denote by s(n), n ≥ 1, this smallest k and let us write s(n) = 0, if p n + k − 3 is not represented by F k for any k ≥ 3. The sequence {s(n)} starts with the following terms (A260965): For example, a solution in affirmative of Question 2, immediately proofs Conjecture 1. Here we will concern only a question on estimates of s(n).
Proof. Suppose, for a given p n , there exists k such that p n + k − 3 is represented by the form F k . Then for the smallest possible k such a representation we call an optimal representation with a given p n . Let us show that in an optimal representation all x i >= 2. Indeed, let x 1 = ... = x u = 1 and x i >= 2 for u + 1 <= i <= k, such that p n + k − 3 = x u+1 ...x k + u + x u+1 + ... + x k be an optimal representation. Note that u < k, otherwise
contradicts the optimality of the form F k . The contradiction shows that all x i in an optimal represen-tation are indeed more than or equal 2. So for an optimal representation, p n + k − 3 = F k >= 2 k + 2k and 2 k + k + 3 <= p n . Hence s(n) = k min < log 2 (p n ) and the statement follows. Now we need a criterion for s(n) > 0. Proposition 5. s(n) > 0 if and only if either there exists t 2 ≥ such that B(t 2 ) = 2 t 2 + t 2 + 3 = p n or there exist t 2 ≥ 0, t 3 ≥ 1 such that B(t 2 , t 3 ) = 2
